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In analogy with loopholes in experimental tests of Bell inequalities, we consider possible loopholes
(in particular, the detector-efficiency loophole) in experiments that detect entanglement via the
measurement of witness operators. We derive a general threshold for the detector efficiency which
guarantees that a negative expectation value of a witness is due to entanglement, rather than to
erroneous detectors. This threshold depends on the local decomposition of the witness, and its
measured expectation value. For two-qubit witnesses we find the local operator decomposition that
is optimal with respect to closing the loophole. The corresponding detector efficiency threshold for
a maximally entangled state is considerably lower than the one for Bell inequality experiments.
PACS numbers: 03.65.Ud, 03.67.-a, 03.67.Mn, 42.50.Xa
Entanglement is the central theme in quantum infor-
mation processing. It allows to design faster algorithms
than classically, to communicate in a secure way, or to
perform protocols that have no classical analogue. En-
tangled states of few particles (e.g. photons, ions) can be
routinely created in experiments, and their entanglement
can be confirmed using state tomography, Bell inequal-
ities or entanglement witnesses. All of these tools are
well-established methods for the detection of entangle-
ment. But can one be sure that they give a confirmative
answer even when realistic, i.e. erroneous detectors are
used? We will introduce and study the loophole-problem
for the detection of entanglement via witness operators,
in analogy to the widely discussed loophole-problem in
the context of ruling out local hidden variable (LHV)
models for quantum mechanics, by measuring a violation
of Bell inequalities.
In 1966 J.S. Bell showed that for certain cases quan-
tum correlations (i.e. entanglement) are incompatible
with LHV theories [1]. Many experiments along that line
have been carried out, to prove that quantum mechanics
is complete and gives the correct predictions [2, 3, 4, 5].
The goal of these experiments was to violate Bell type in-
equalities which are fulfilled for LHV theories, but not for
quantum mechanics. However, all of these experiments
so far have at least one of the following problems: either
the correlation measurements are not sufficiently distant
(i.e. causally separated), such that communication be-
tween the particles would be possible (locality loophole),
and/or a large fraction of the particles is not detected,
due to low detector efficiency (detection loophole). In
these cases the correlations are also explainable by LHV
theories [6, 7, 8, 9]. There are several other more spe-
cialized and setup dependent loopholes discussed in the
literature [10, 11].
In this Letter we discuss the detection loophole with
respect to entanglement witnesses. Note that the ex-
perimental goal in this case is to prove the existence of
∗Electronic address: bruss@thphy.uni-duesseldorf.de
entanglement, rather than to rule out an LHV model.
One scenario in which witnesses play an important role
is quantum key distribution: here, witnesses can be used
as a test whether secret key generation is possible [12]. A
loophole may arise if the adversary is supposed to have
control over the detectors.
An entanglement witness W is a Hermitian operator






∣∣ψ(i)ν 〉〈ψ(i)ν ∣∣ [13], where the index ν num-
bers the subsystem, the probabilities pi are real and non-
negative,
∑
i pi = 1, and tr (Wρe) < 0 for at least one
entangled state ρe [14, 15]. Throughout this paper, we
will use without loss of generality normalized witnesses,
i.e. tr (W ) = 1. Entanglement witnesses can be used to
experimentally verify, by a series of local measurements,
whether an n-partite state is entangled [16], i.e. not sep-
arable. Our goal is to ensure that a negative measured
expectation value 〈W 〉m < 0 is really due to the entan-
glement properties of the state, rather than to imperfect
detectors. The following line of arguments also holds for
other, specialized witnesses which are constructed such
that, e.g., they detect only genuine multi-partite entan-
glement [17] or states prohibiting LHV models [18].
The Letter is organized as follows. After introducing
the local decomposition of entanglement witnesses, we
study the effect of lost events as well as additional events
on the experimental expectation value of W . Here, the
worst case approach is used to derive inequalities which
need to be fulfilled to ensure entanglement of the given
state. The parameters in these inequalities are the mea-
sured expectation value of the witness, the detection effi-
ciencies, and the coefficients for the local decomposition
of the witness. We show for the two-qubit case how to
optimize the local operator decomposition of the witness,
such that the detection efficiency which is needed to close
the loophole is minimized. Some recent experiments mea-
suring witness operators are presented, to demonstrate
that the detection loophole is a problem in current ex-
periments. Finally, we compare the detection efficiency
needed to close the witness loophole with the one that
is needed to rule out LHV models with CHSH inequality
experiments [19].
2Any witness for an n-partite quantum state in d =
Πnνdν dimensions can be decomposed in a local operator










where the coefficients ci are real. Each operator σ
(i)
ν is
traceless or the identity and corresponds to the ith local
setting for the party number ν. In this expansion, we
include implicitly also the local identity operators which
do not need to be measured. The number of terms in eq.
(1) depends on the decomposition, i.e. on the choice of
operators σ
(i)
ν . A straightforward, but not necessarily op-
timal choice (concerning the needed detector efficiency)
are the d2ν−1 Hermitian generators σν of SU(dν) and the
respective identity operators.





where Sα stands for one term from the local expansion
(1). Here, we exclude the identity 1 (acting on the total
space) from the sum over α, because it does not have to
be measured and therefore has a special role.
We will now investigate one local measurement setting
described by cαSα, and drop the index α for convenience.
The measured expectation value c 〈S〉m is given by






i (n˜i + ε+i − ε−i)λi
N˜ + ε+ − ε−
, (3)
where λi is the ith eigenvalue of S, the number of mea-
sured events for the ith outcome is denoted as ni, and N
is the total number of measured events for that setting.
In the second part of eq. (3) we expressed this expecta-
tion value as a sum of the ideal number of events, denoted
as n˜i (i.e. for perfect detectors), the additional events ε+i
(e.g. dark counts) and the lost events ε−i for the ith out-
come. The total ideal number of events for such a setting
is denoted as N˜ , and the total number of additional/lost
events as ε±. We have N˜ =
∑
i n˜i and ε± =
∑
i ε±i.
The experimental data usually gives no information
about the number of errors ε±i for a specific measure-
ment outcome i. Only global properties of the detection











where 0 ≤ η± ≤ 1 holds. Note that η± denotes the global
detection efficiency for a measurement setting, which cor-
responds to the product of the single detector efficiencies.
There are different strategies to handle these unknown
errors for the specific outcomes. Usually, some assump-
tions about the statistical distribution of the errors are
made: often, one makes the fair-sampling assumption,
i.e. one assumes the same statistical distribution for de-
tected and lost events; the additional events are assumed
to have a flat distribution. Here, we do not want to use
any assumptions, but we will consider the worst case.
This is equivalent to finding the lowest possible c 〈S〉m,
which is achieved by minimizing the contribution of the
additional events, and maximizing the contribution of the
lost events in eq. (3). This minimization/maximization







i ε−iλi = ε−Ω−, with
Ω± = c (Θ(±c)λmin +Θ(∓c)λmax) , (6)
where Θ(x) denotes the Heaviside function, and λmin/max
is the minimal/maximal eigenvalue of S.
Inserting this into eq. (3), one finds the following worst
case estimate for the measured expectation value c 〈S〉m:
c 〈S〉m = κ
(
c 〈S〉t − Ω+(1−
1
η+




where κ := N˜
(






+ η− − 1
)−1
.
Here, we have introduced the notation c 〈S〉t for the true
expectation value (without any errors).
Using 〈W 〉m/t = c0 +
∑
α cα 〈Sα〉m/t and eq. (7) we
can express the worst case measured witness expectation
value 〈W 〉m as a function of the true one 〈W 〉t. To close
the loophole it is necessary to ensure that 〈W 〉t < 0. This
leads to a condition for the maximal 〈W 〉m that depends
on the decomposition of W and the efficiencies η±:













where we have re-introduced the summation index α.
¿From now on we want to focus on the case where the
subsystems are two-dimensional, i.e. qubits. For qubits
the measurement operators Sα are chosen to be tensor
products of Pauli operators with eigenvalues λ = ±1.
This simplifies Ω± to Ωα± = ∓ |cα|, and eq. (8) reads for
qubits









η− + 1η+ − 1
. (9)
In Fig. 1 a contour plot of this function is shown: Given
a certain measured expectation value 〈W 〉m, the corre-
sponding efficiencies η± ensure that the state is indeed
entangled. This plot assumes c0 +
∑
α |cα| = 1, and can
be easily redrawn for other decompositions.
¿From eq. (9) it is obvious that an optimal decom-
position of such a witness with respect to the needed




















FIG. 1: The contours correspond to the maximal 〈W 〉
m
of a
multipartite qubit witness which still ensures entanglement,
where a decomposition with c0 +
∑
α
|cα| = 1 was assumed,
which is e.g. achieved for an optimal two qubit Bell state
witness Wφ+ (see text).
efficiencies η± is achieved by minimizing
∑
α |cα|. For
the case of two-qubit witnesses a constructive optimiza-
tion can be achieved, when arbitrary local Stern-Gerlach
measurements (described by Pauli operators or rotations
thereof) and the identity are allowed. We start with a
two-qubit witness in its Pauli operator decomposition,
i.e.















cijσi ⊗ σj , (10)
where σ1/2/3 = σx/y/z and cij ∈ R. The normalization
condition tr(W ) = 1 leads to c00 =
1
4 . The three remain-
ing terms in eq. (10) can be optimized separately (note
the special role of the identity).
Let us first consider the term W3 =
∑3
i,j=1 cijσi ⊗ σj .
This expression is optimized by doing a singular value
decomposition of the coefficient matrix (C)ij = cij , i.e.
UCV † = S, where S is the diagonal matrix that contains
the singular values si. The matrices U and V are orthog-
onal and have entries uij and vij . The new orthogonal ba-
sis is simply constructed by using the orthonormal rows
of U and V , i.e. σ˜Ai =
∑
j uijσj and σ˜Bi =
∑
j vijσj ,




siσ˜Ai ⊗ σ˜Bi, (11)
with 12 tr(σ˜Aiσ˜Aj) = δij and the same orthogonality rela-
tion for party B.
The optimality of this biorthogonal decomposition
with respect to the detector efficiencies is shown as fol-




Aj ⊗ σ′Bj , where σ′A/Bj are arbitrary (not neces-
sarily orthogonal) rotated Pauli operators and without
loss of generality bj > 0 (we can include a minus sign in
one of the operators). Here, the number of terms M is
finite and an operator may appear more than once.































= 1 for all j. The right
hand sides of eq. (11) and eq. (12) are equal. We multiply
these two expressions by
∑
m σ˜Am ⊗ σ˜Bm and take the
trace on both sides. This leads to∑
i,m







l tr([σ˜Ak ⊗ σ˜Bl] [σ˜Am ⊗ σ˜Bm]) . (13)















where we used the fact that the scalar product between
two normalized vectors (~α (j) and ~β (j)) is less or equal to
one. This proves the optimality of the decomposition of
W3 given in eq. (11).
The third term in eq. (10) – and, analogously, the sec-







⊗ 1 = c˜10σ˜10 ⊗ 1, (15)




i = 1 and
c˜10 > 0. Following similar arguments as before, it is easy
to verify that c˜10 is optimal.
The situation for higher dimensions is different: It is
unfortunately not straightforward to generalize the above
optimization to higher-dimensional witnesses, because we
extensively used the fact that a linear combination of
Pauli operators is again a scaled rotated Pauli operator.
Also, for multi-partite witnesses the Schmidt decompo-
sition eq. (11) does not always exist, such that our opti-
mization method is not applicable for these cases.
In many experimental situations, e.g. when optical de-
tectors are used, only the “lost event efficiency” is an
important issue and the “additional event efficiency” is
approximately η+ ≈ 1 [20, 21]. This situation further
simplifies eq. (8), and the minimal detector efficiency that
allows to close the loophole has a simple relation with the
























FIG. 2: The detector efficiency loophole is closed (assum-
ing η+ = 1) if the detector efficiency (η−) is in the hatched
area for a given measured expectation value 〈W 〉
m
. Here, a
decomposition with c0 +
∑
α
|cα| = 1 is assumed.
This function is shown in fig. (2), where the hatched
area corresponds to values for which the inequality is ful-
filled, again assuming c0 +
∑
α |cα| = 1. It is remarkable
that for two qubits the detection loophole for witnesses
can already be closed with a detection efficiency η− > 23 ,
in contrast to η− >∼ 0.85 [9] to exclude LHV models (or
even η− >∼ 0.83 with some further assumptions [8]). This
bound is sufficient e.g. for the optimal two-qubit wit-
ness of a Bell state and a measured expectation value of
〈W 〉m = − 12 . We conjecture that for η− < 23 the loophole
cannot be closed for any witness.
We now want to discuss some prominent experimental
examples in this context. In ion trap experiments the
detection efficiencies are close to one (∼ 99.8%) [22] and
the detection loophole is usually not an issue. Excep-
tions are many-party-witnesses with expectation values
close to zero, like the genuine 8-qubit multipartite entan-
glement witness experiment of Ha¨ffner et al. [23].
Single photon experiments on the other hand are more
problematic. Using eq. (16) we give some explicit exper-
imental examples for the needed detection efficiencies to
close the witness loophole: M. Barbieri et al. [20] im-
plemented the optimal two qubit entanglement witness
to detect a Bell state, where they achieved an expec-
tation value of −0.493 ± 0.008. In this case the detec-
tion efficiency needs to be η− > 0.67. In recent experi-
ments also multipartite entanglement witnesses were im-
plemented [21]. In this work the three-qubit GHZ en-
tanglement witness is loophole-free with a detection ef-
ficiency of η− > 0.91, and the four-partite case needs
η− > 0.94. Single photon detector efficiencies for wave-
lengths of 700-800 nm are typically around 70% [24],
such that the global detection efficiency for two qubits
is circa 50 % , and even lower for more than two subsys-
tems. The detection efficiencies for multipartite witness
experiments with photons are thus considerably below
the needed thresholds. This is a similar situation as for
the detection loophole in Bell inequalities [9]. However,
there is a good chance for loophole-free witness experi-
ments with two qubits, when slightly more efficient de-
tectors are available.
In the last part of this Letter we want to compare
the efficiency threshold to close the CHSH-witness de-
tection loophole with the one for the detection loop-
hole in the CHSH inequality [19]. Again, we consider
the case η+ = 1. A violation of the CHSH inequal-
ity can also be expressed in terms of a non-optimal
witness operator [18], namely WCHSH = Wφ+ + γ1
with Wφ+ =
1
4 (1⊗ 1− σx ⊗ σx + σy ⊗ σy − σz ⊗ σz)




− 14 . Such a witness can only have a neg-
ative expectation value, if the state does not admit an
LHV model.
The right hand side of eq. (16) is minimized for a
given decomposition, if 〈W 〉m is minimal. The small-
est possible expectation value is obtained by detecting
the Bell state |φ+〉 = 1√
2




+ γ = − 12 + γ. The threshold for the detection
efficiency for this witness is then calculated with eq. (16),
using c0 +
∑










This threshold is the same as the minimal detection ef-
ficiency needed to close the loophole for the CHSH in-
equality, see [9]. Although the concept behind the de-
tection loophole for witnesses is quite different from the
one for Bell inequality experiments, our simple worst case
approach leads to equal bounds, thus underpinning our
method.
In summary, we discussed the detection loophole prob-
lem for experiments measuring witness operators. We de-
rived inequalities to close such loopholes, which depend
on the measured expectation value of the witness, its
local operator decomposition and the detection efficien-
cies. These inequalities are generally valid for any type
of witness operator, and the detection efficiency thresh-
olds to close the loophole are easily calculated. The lo-
cal decomposition of the witness can be optimized such
that the needed detection efficiencies are minimized. We
explicitly presented a constructive optimization for two-
qubit witnesses. For multi-qubit witnesses the optimal
decomposition is achieved by minimizing the sum of the
absolute values of the expansion coefficients. In the case
of higher-dimensional witnesses the optimization is not
straightforward any more, because it then also depends
on the type of operator basis. Let us mention that an
analogous study can be performed, if the witness is de-
composed into local projectors [25]; this will be published
elsewhere. For qubit witnesses we further considered the
common experimental situation, where additional counts
can be neglected. Current witness experiments with po-
larized photons do not close the detection loophole, be-
cause of the low single photon detector efficiencies. How-
ever, the efficiency threshold of η− = 23 is considerably
lower than the one for loophole-free Bell inequality ex-
5periments. – Further research directions and open prob-
lems include the optimal local decomposition for higher-
dimensional witnesses, and the case of erroneous detector
orientations.
We acknowledge discussions with Harald Weinfurter.
This work was supported in part by the European Com-
mission (Integrated Projects SCALA and SECOQC).
[1] J. S. Bell, Rev. Mod. Phys. 38, 447 (1966)
[2] A. Aspect, P. Grangier and G. Roger, Phys. Rev. Lett.
47, 460 (1981)
[3] A. Aspect, P. Grangier and G. Roger, Phys. Rev. Lett.
49, 91 (1982)
[4] A. Aspect, J. Dalibard and G. Roger, Phys. Rev. Lett.
49, 1804 (1982)
[5] M.A. Rowe, et al., Nature 409, 791 (2001)
[6] T. K. Lo, and A. Shimony, Phys. Rev. A 23, 3003 (1981)
[7] J. S. Bell, Speakable And Unspeakable In Quan-
tum Mechanics (Cambridge University Press), EPR-
Experiments, (1987)
[8] A. Garg, and N. D. Mermin, Phys. Rev. D 35, 3821
(1987)
[9] J.-A˚. Larsson, Phys. Rev. A 57, 3304 (1998)
[10] J. Barrett, D. Collins, L. Hardy, A. Kent, and S. Popescu,
Phys. Rev. A 66, 42111, (2002)
[11] A. Kent, Phys. Rev. A 72, 12107 (2005)
[12] M. Curty et al., Phys. Rev. A, 71, 022306 (2005)
[13] R.F. Werner, Phys. Rev. A, 40, 4277 (1989)
[14] M. Horodecki et al., Phys. Lett. A, 223, 1 (1996)
[15] M. Lewenstein, B. Kraus, J. I. Cirac and P. Horodecki,
Phys. Rev. A 62, 052310 (2000)
[16] O. Gu¨hne, P. Hyllus, D. Bruß, M. Lewenstein, C. Mac-
chiavello, A. Sanpera, Phys. Rev. A 66, 62305 (2002)
[17] D. Bruß et al., J. Mod. Opt., 49, 1399 (2002)
[18] P. Hyllus, O. Gu¨hne, D. Bruß, and M. Lewenstein, Phys.
Rev. A 72, 12321 (2005)
[19] J.F. Clauser et al., Phys. Rev. Lett., 23, 880 (1969)
[20] M. Barbieri et al., Phys. Rev. Lett., 91, 227901 (2003)
[21] M. Bourennane et al., Phys. Rev. Lett., 92, 87902 (2004)
[22] J.I. Cirac et al., Phys. Rev. Lett., 74, 4091 (1995)
[23] H. Ha¨ffner et al., Nature, 438, 643 (2005)
[24] P. G. Kwiat et al., Phys. Rev. A, 48, R867 (1993)
[25] O. Gu¨hne et al., Phys. Rev. A, 66, 062305 (2002)
